Mathematical and physical aspects of music and sound. by Elbich, Jeanne Macrie
Lehigh University
Lehigh Preserve
Theses and Dissertations
1-1-1981
Mathematical and physical aspects of music and
sound.
Jeanne Macrie Elbich
Follow this and additional works at: http://preserve.lehigh.edu/etd
Part of the Mathematics Commons, and the Physics Commons
This Thesis is brought to you for free and open access by Lehigh Preserve. It has been accepted for inclusion in Theses and Dissertations by an
authorized administrator of Lehigh Preserve. For more information, please contact preserve@lehigh.edu.
Recommended Citation
Elbich, Jeanne Macrie, "Mathematical and physical aspects of music and sound." (1981). Theses and Dissertations. Paper 2417.
MATHEMATICAL AND PHYSICAL ASPECTS 
OF MUSIC AND SOUND 
by 
Jeanne Macrie Elbich 
A Thesis 
Presented to the Graduate Committee 
of Lehigh University 
in Candidacy for the Degree of 
Master of Science 
in 
Applied Mathematics 
Lehigh University 
1981 
ProQuest Number: EP76693 
All rights reserved 
INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted. 
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed, 
a note will indicate the deletion. 
uest 
ProQuest EP76693 
Published by ProQuest LLC (2015). Copyright of the Dissertation is held by the Author. 
All rights reserved. 
This work is protected against unauthorized copying under Title 17, United States Code 
Microform Edition © ProQuest LLC. 
ProQuest LLC. 
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106-1346 
This thesis is accepted and approved in partial 
fulfillment of the requirements for the degree of Master 
of Science. 
V /(- f /9S/ 
(date) 
Professor in Charge 
Chairman of the Department 
r- 
11- 
Acknowledgement 
I would like to express my sincerest appreciation 
to my advisor Professor Jacob Kazakia, for his guidance, 
interest and extreme patience in overseeing the com- 
pletion of this work.  Special note should be made to 
Professor Eric Varley who first brought this beautiful 
study to my attention.  I am extremely grateful to 
Lisa Ziegler, who assisted in putting my words and tables 
into typed form.  And lastly, a thank you to my Mother 
and Dad for their love and support and to my husband 
Bob for watching the children and understanding. 
-111- 
Table of Contents 
Title Page  i 
Certificate of Approval   ii 
Acknowledgement   iii 
Table of Contents  iv 
List of Tables  vi 
List of Figures  vii 
List of Symbols viii 
Abstract  1 
1 - Introduction  2 
2 - Oscillating Systems   7 
5 - Coupled Oscillations  12 
5.1  Two Weights on a String  16 
4 - Equation of Motion of a String  18 
4.1  Normal Modes  21 
5 - Musical Scales and Intervals  26 
6 - The Propagation of Sound in the air surrounding 
the instrument  37 
6.1 The Equation of Continuity  38 
6.2 The Momentum Balance Equation  40 
6.3 Plane Sound Waves and Sound Speed  43 
6.4 Interaction of Sound Waves   48 
7 - Room Acoustics  49 
iv- 
Table of Contents Continued 
Tables  5 3 
Figures  60 
Glossary  70 
Bibliography  73 
Resume"    74 
-v 
List of Tables 
Table Page 
Table 1.  Chart showing the frequency range of the 
various musical instruments 
Table 2.  Frequencies of the equal - tempered system 
through ten octaves. 
Table 3.  Intervals and Ratios 
Table 4.  Intervals appearing in the scale of Just 
Intonation. 
Table 5.  The Relation of Frequency and Length of 
a String. 
Table 6.  The Tones and the Intervals in the Major 
Scale of Just Intonation for Various 
Keynotes . 
Table 7.  Comparison of Scale of Just Intonation 
to Scale of Equal Temperament. 
53 
54 
55 
56 
57 
58 
59 
■vi 
List of Figures 
Figure 
Figure 1 . 
Figure 2. 
Figure 3. 
Figure 4. 
Figure 5. 
Figure 6. 
Figure 7. 
Figure 8. 
Figure 9. 
Amplitude of motion against frequency 
v , for two different damping coef- 
ficients . 
A system of two coupled oscillators. 
Two weights on a string. 
Forces on a section of flexible string 
of length  ds . 
The first four vibration modes of a 
string. 
The waveform of the combination of the 
first four vibration modes of a string. 
The stationary volume used to derive 
the balance equations of the one-dimen- 
sional air flow. 
Waves spreading out from a source re- 
flected from a surface. 
Multiple reflections of a sound impulse 
as heard by a listener. 
Page 
60 
61 
62 
63 
64 
65 
67 
68 
69 
-Vll' 
Symbols 
R_ 
2m 
E mass per unit length of string 
K elasticity of volume 
p density of fluid 
v frequency 
A area 
A' total area acoustical absorption 
c wave velocity 
F force 
I sound intensity 
K stiffness constant 
k specific resistance constant  k = 
L length 
Z length of a string 
m mass of a particle 
n integer labeling normal modes of vibration 
P sound power 
p pressure in a sound wave 
R frictional force 
R reverberation time 
S surface 
T tension 
t time 
V volume 
v velocity 
x,y,z  rectangular coordinates 
■Vlll 
Abstract 
This thesis deals with some of the mathematical and 
physical aspects of music and sound.  Special attention 
has been given to the mechanism of sound production by 
string instruments.  The motion of a simple harmonic 
oscillator is investigated for the purpose of introducing 
the reader to the basic physical parameters used to de- 
scribe the sound.  The equation of a flexible string is 
derived and its steady state solutions are presented. 
The simple fluid mechanics equations necessary to de- 
scribe the propagation of plane sound waves are derived 
on first principles. 
1.  Introduct ion 
The purpose of this research is the study of the 
production and transmission of sound generated by vibrat- 
ing strings of musical instruments.  To better explore 
the vibration of a string, it is essential that we review 
some simpler oscillating systems. 
The simplest oscillating system is the one consist- 
ing of a mass attached to a linear spring.  The motion 
of such an oscillator is called simple harmonic motion 
and it is essential in introducing the notions of ampli- 
tude, frequency, period etc.  Section 2 gives an outline 
of the method of solution for the problem of a more gene- 
ral oscillator which lias some frictional dissipation and 
is under the influence of an external force.  Of course, 
the simple harmonic oscillator is a special case of this. 
Section 2 also serves the role of introducing the ideas 
of resonance, mechanical impedance, transient motion etc. 
Realistically many mechanical systems can be modeled 
by coupled oscillators.  A coupled oscillator is a sys- 
tem of vibrating masses interacting with each other 
through coupling "springs".  Section 3 discusses the 
motion of two examples of coupled oscillators.  It is 
conceivable that the vibration of a violin string can 
be modeled by a coupled osicllator consisting of a great 
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number of masses attached to an elastic string which 
undergoes lateral displacements  (i.e. a generalization 
of the second example of section 3).  However, a much 
simpler and more precise formulation of the problem of 
lateral vibrations of a violin string can be achieved by 
the use of the continuum approach.  In this approach the 
mass of the string is assumed to be uniformly distributed 
along the string and the notion of linear density c 
(mass per unit length) is introduced.  In section 4 the 
partial differential equation (wave equation) which de- 
scribes the vibration of the string is derived.  Steady 
state solutions of this equation are obtained and the 
ideas of fundamental tone and harmonics are introduced. 
The important relation between the frequency of oscil- 
lation and the parameters of the string is derived.  This 
relation is : 
(1.1) 'n = llVr >    n = 1,2,3, 
where I     is the length of the vibrating part of the 
string,  T  is the tension and  e  the linear density of 
the string.  The fundamental tone is the frequency  v 
and the second, third,...  harmonics are given by  v } 
v„ ..... 
-.v 
In section five we attempt to classify and name most 
of the audible frequencies by the use of the concepts of 
musical interval between two tones.  First the musical 
intervals associated with the scale of just intonation 
are presented and the need for some sort of temperament 
is explained.  Then we discuss the scale of equal tem- 
perament which is widely used today.  The above approach 
follows the same lines of historic development of musical 
scales.  The science of music has a long and dis- 
tinguished history.  It goes back at least to the time 
of Pythagoras , who determined the conditions under which 
two musical tones sounded together will produce a 
pleasant conbination.  Since Pythagoras, the science of 
music has engaged the attention of some of the greatest 
minds in the history of physics and mathematics. 
Galileo, Rayleigh, Taylor, Benouilli, Euler, D'Alembert, 
Lagrange, Chaldni, Poisson and Helmholtz - to cite a few 
names - have all contributed something toward the under- 
standing of the acoustical foundations of music. 
The vibration of a violin string causes a vibration 
of other parts of the instrument which in turn put the 
air particles surrounding them into motion.  As a result, 
air particles start interacting with each other carrying 
momentum to more distant particles.  Eventually air 
particles near the ear of a listener are put in motion, 
which in turn create a vibration of the ear parts and 
hence a sound sensation.  The basic mechanism of sound 
propagation described above can be understood on the 
basis of plane or spherical wave propagations in the 
medium between the instrument and the listener.  In 
section 6 we derive the one-dimensional conservation 
laws for a compressible inviscid fluid, by a control 
volume approach.  Then we obtain the wave equation 
governing the propagation of small disturbances in the 
pressure and velocity of the air particles and the ex- 
pression for the sound speed  c , 
(1.2) c = I? 
P 
In equation (1.2)  p  and  p  are the pressure and den- 
sity of the air in rest and  y  is a constitutive con- 
stant with the value about 1.4 for air. 
Lastly, in section 7, we will examine how the trans- 
mission of sound from a source to a listener is affected 
by the environment.  The acoustics of an auditorium con- 
cerns itself with working out the conditions under which 
listening will be most satisfactory. 
-5- 
Music is both an art and a science.  Through my ex- 
ploration and understanding of the mathematical aspects 
of music and sound, I have found a new appreciation of 
the production and transmission of sound and would hope 
that this knowledge will serve to contribute to the 
greater enjoyment of this art. 
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2.  Oscillating Systems 
The simplest and most fundamental type of sound 
sensation is that which corresponds to a simple harmonic 
motion.  Simple harmonic motions only vary in period and 
amplitude and are ideal for illustrating the production 
of pure tones.  This form of motion can be transmitted 
without changing form.  The motion of vibrating bodies 
is complicated by the surrounding medium, by the pre- 
sence of other bodies and the method of excitation.  We 
shall ignore such interaction for the present and con- 
sider only the vibrations of a simple isolated system. 
The simplest oscillating system is that of a mass 
m  suspended from a spring and displaced from its equili 
brium position, causing the system to oscillate in one 
direction.  We shall assume that the springiness force 
acting on the simple oscillator can be expressed by the 
equation 
(2.1) F = -Kx 
where  x  is the displacement of mass from equilibrium 
and  K  is the stiffness constant.  The negative sign is 
necessary because the force opposes displacement. 
-7 
We denote by  v  the velocity of the mass  m   as it 
moves up and down.  If in addition to the force of the 
spring, there is a frictional force given by  -Rv , 
where  R  is called the damping coefficient, then the 
total force acting on the mass is 
(2.2) F   .   „ . ,. .   = -Kx - Rv . 
spring+friction 
In addition we consider an external cosinusoidal 
force of amplitude  F  and frequency  v , i.e. 
(2.3) F       , = F cos 27Tvt . 
external 
For convenience we will use  F       . = Fe   1    where 
ext ernal 
the real part of the complex function is to be considered 
Combining all three effects we obtain 
(2.4) Fx , , = -Kx - Rv + Fe total 
-27Tivt 
Considering the momentum balance of the mass, i.e. 
2 
(2.5)     m dx = F 
dtd total ' 
and dividing both sides of the equation by m , we obtain 
(2.6) d
2
x . R dx . K v _ F  -27Tivt 
—- + — -T— + — x = — e 
, + 2 in dt m    m dt 
-S 
We introduce  a , k , v   by 
o 
(2-?)    a " ff >  k - 2m '  K/m = 4"2vo 
Substituting from (2.7) into (2.6) we obtain, 
(2.8) d x   ,, dx   . 2 2      -27Tivt —- + 2k T- + 4TT v x = ae 2      dt       o dt' 
The complimentary solution of this differential equa- 
tion gives the motion of the mass in the absence of an ex- 
ternal force.  In this case 
(2.9) 
2 
^4 + 2k ^ + 4TT2V2X = 0 
dt2      " 
The solution of (2.9) is 
(2.10)    x = Ce        f 
where again the real part is to be considered and 
(2.11) v  = v /l-(^—)2 f    o   V2TTV 
Notice that in the case of no damping  (k=0) , v = v 
The solution of (2.8) is obtained by adding to the solu- 
tion (2.10) a particular solution of the form 
(2.12) x  = De' 
P 
•27TiVt 
-9 
Substituting   (2.12)   into   (2.8)   we   obtain 
(2.13) D   = 
4TT   (V   -v   ) -4Tiivk v
   o 
The solution can be written 
fn    i A \ r   -kt-27Ti v„t    _,       F (2.14) x   =   Ce f+ i (27TVt-0) 2TTVZ 
where 
(2.15) Z   =   2 m/TT )  +   k2   =   /R2+(2Trvm-T^-)2   , 
and 
(2.16) tanG   = kv R 2      2 
IT (v   -v   )        (K/27TV) - 2TTVITI 
When the force is first applied, the motion is com- 
plicated, being a combination of two motions of different 
frequencies. Even if friction is small, the free vibra- 
tions soon damp out (transient), leaving only the harmo- 
nic motion of frequency equal to that of the driving force 
(steady state). From (2.14), taking the limit as t-+°° , 
we see that the first term vanishes leaving 
t2'17)    x "* 2?vl COS(2TTVt-9) . 
-10- 
In an oscillating system, the mechanical impedance 
is the constant  Z .  The amplitude of the motion is in- 
versely proportional to the impedance as seen from (2.17). 
For the vibrations that we are considering, the impedance 
is large, even in the case of small friction  (k-*0)  pro- 
vided that  v4v  .  Hence for  v4v   the amplitude of the 1
 o ' o        r 
motion and the velocity are small.  However, if the ex- 
ternally applied force has a frequency which approaches 
the natural frequency  v   of the system, then  Z  will 
become small and consequently the amplitude of the motion 
will be large.  This case is called the condition of re- 
sonance .  An illustration of this condition is given in 
figure 1. , The figure plots the amplitudes of forced 
motion as a function of  v , for two different friction 
coefficients showing that the friction of the system be- 
comes important when  v  approaches  v  .  The peak in 
the curve of amplitude against  v  is sharp if  R  is 
small and is broad and low if  R  is large.  From (2.15a) 
we see that: 
-     2I117T  ,2   2-xr- I JTn Z =  (v -v ) for  v4v   and  k=0 , 
v    o ' o 
(2.18)    and 
Z = 2mk   for  v = v 
o 
A more detailed treatment of the subjects discussed 
in this section is given, for example, by MORSE (Chapter 2) 
-11- 
3.  Coupled Oscillations 
The vibration of many realistic mechanical systems 
can be thought of as the simultaneous vibration of a 
large number of masses interacting with each other. 
Generalizations of these kinds of systems lead to the con- 
tinuum formulation of vibrating problems which is suitable 
for a great number of mechanical systems, like the vibrat- 
ing string, membrane, sound tube, etc. 
As an illustration of the discrete mechanical sys- 
tems, we will consider two simple examples, the first be- 
ing the behavior of two oscillators coupled together, 
each affecting the other.  Figure 2 shows a sys- 
tem where one of the coupled oscillators has mass  m 
and its displacement from equilibrium is  x  , and the 
other oscillator lias mass  m   and displacement  x  , 
with  K   being the coupling constant.  When  x  = 
x  = 0 , the system is at equilibrium.  Clamping the 
oscillator 2, i.e. keeping  x  = 0 , the force on  m   is 
the force on m   to be  -(K?+K )x 
(K +K )x  .  By doing the same for oscillator 1 we find 
If both oscillators 
are allowed to move, then the elongation of the spring 
S   is  x  , the elongation of the spring  S   is (x?-x ) 
and the spring  S   is shortened by  x  .  Considering 
-12 
the momentum balance of the masses  m   and  m   we ob 
tain (see the following diagram) 
(3.1) 
Kix1^— n^ -^K3(x2-xx)  K3(x2-x1)^— m3+— ^2X2 
m 
d2x. 
1
 dT^ 
d2x. 
-(K1+K3)x1 + K3x2 
m 2 ^T-   -(K2 + K3)X2 + Vl 
Of course, 
dx. 
(3.2) dT = v and 
dx, 
dT = v 
so by equations (3.1) 
(3.3) 
dv. 
dv. 
dT 
K    K       K 
^ 
+
   m^Xl + mf X2 
K    K       K 
We now have a system of first order, linear, homogeneous 
differential equations with constant coefficients which 
can be solved \\'ith one of the standard analytical or 
numerical procedures.  By combining equations (3 . 2) and 
13- 
^- =   A{y}   where 
(3.4) 
A   = 
0 
0 
(— ") 
K. 
K. 
m 
0 
0 
3 
1 
m. c-l—-) 
1 0' 
0 1 
0 0 
0 0 
r     "\ 
and   y 
o^ 
The   solution   of   this   system   is   given  by 
(3.5) y   -     I   ceXJtKJ 
J=l   X 
where  c   are constants to be determined from the ini- 
J 
tial conditions,  K.  are the eigenvectors of the matrix 
A  and  A   are tlie eigenvalues of the matrix. 
J 
The characteristic equation of  A  is : 
Xk   +   (a+d)A2 + (ad-bc) = 0 
(3.6) where 
VK3 
m, 
b = 
K. 
ml ' 
K. 
m. 
d - V
K3 
The roots of (3.6) are given by 
(3.7) Xl,2 = * 1V-  and  X3,U = ± iv- 
14- 
where 
(3.8)  v! 1 2 L 
VK2,VK3 
m 1 m. 
K1+K3 K2+K3 4K: 
m. m. mim2 
It is evident from (3.7) and (3.8) that the vibration of 
the masses  m.  and  m   will be a linear combination of 
two harmonic motions with frequencies  v  , v 
15 
>  3.1  Two wei glits on a string 
The second example is a special case of the coupled 
oscillator, that of two weights on a string of length  L . 
Two masses are placed on a string dividing it into three 
equal parts and there is a tension of  T  dynes on the 
string.  Let  y   be the displacement of  m   and  y 
the displacement of  m  .  Both displacements are assumed 
to be small compared with  L .  From figure 3 we see that 
(3.9) Ty  = T sin 3 ,  Ty2 = T sin a 
We also know that 
sin 3 ~ tan 3 = —■\ >V^i 
(3.10) 
sin a ~ tan a = 
L/3 
^1 
L7T " 
Hence the total restoring force in the  y  direction for 
the mass  m   is given by 
f3-11'    Ftotal " ^1 " T^ "[y^y^yj = JrOv2^ 
Similarly for the mass  m   we obtain 
2 
16- 
Using the momentum balance law 
(3-13^    Ftotal " » £l 
for both masses  m   and  m   we obtain, 
(3.14) 
d2yi + A   2 2 
dtd        -1 X 
d2yi     2 2 
  + 4TT v y 
dt2       V2 2 
o 2 2 2^r viy2 
n    2 2 2TT v2yx 
where 
/t 2 2 4TT v 
/i 2 2 4TT V2 
6T 
Lm. 
6T 
Lm. 
This system is of the same nature as (3.3) and its solution 
is obtained in a similar manner. 
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4.  Equation of Motion of a String 
We are now going to derive the equation of motion 
of a string based on the continuum approach.  Consider 
a string of length I   , linear density  E , in tension 
T  stretched between two points with no external forces 
applied to it.  We choose a coordinate system whose  x 
axis coincides with the rest position of the string. 
The string moves in the  x,y plane and its motion is de- 
scribed by  y = f(x,t) . 
A study of figure 4 shows that the force perpendicu 
lar to the x-axis on an element of the string of length 
ds  is  T(sin<J> -sin<J> ) .  If the displacement of the 
string from equilibrium is small, angles  <j>   and  (f> 
will be small and we can assume 
(4.1) sin4>     ~   tan<J>       and     sin<j>    ~ tan  <J>p 
We   know   that 
(4.2) tan<}> =   3Z 1        9x and     tan<f>, 
x 
9x 
x + dx 
from the definition of  8/3x , we can state that 
(4.3) 1Z 3x 
x + dx 
= 9Z 
9x 
.( ♦ ^-,'iSLW 3x \9x / 
IS 
The   vertical   force   on   the   string   is 
(4.4) T(sinVsinV   -   T[(f£)x+dx"(§£),]   -   T [LX dx] 
d X 
The mass of the string is 
(4.5) eds ~ edx 
Therefore, the equation of motion is 
~2 ~2 
edx 1* =   T dx 1-1   , 
3tT        8x^ 
(4.6) or 
at2 
.2 9^ = 
'  8x2 
0 ,  where  c  = T/e 
The wave equation (4 .6) can be solved with various stan- 
dard methods subject to boundary conditions applied at 
the two ends of the string  x = 0  and  x = I    ,   and sub- 
ject to initial conditions at time  t = 0 .  The initial 
conditions describe the way the string is put into motion 
For example, a string which is plucked has different ini- 
tial conditions than one which is struck.  The bowing of 
a string, up bow or down bow and the various attacks can 
alter the initial condition.  HELMHOLTZ, RAMAN and more 
recently SCHELLHNG have done considerable work on the 
19 
physics of the bowed string. 
The boundary conditions describe the way the string 
is attached at its supports (the nut and the bridge). 
Usually we can assume the boundary condition 
(4.7)    y(0,t) - y(£,t) - 0 . 
However, several realistic situations may require motion 
of the end supports which results in a more complicated 
boundary condition and consequently, vibration.  Vibrato 
and the transmission of the vibration of the string to 
the sound board through the bridge are a couple examples 
of phenomena described by boundary conditions which are 
different from those of (4.7). 
In this part we will simplify the discussion of the 
solutions of (4. 6) by ignoring initial conditions and look- 
ing for the possible ways in which the string can execute 
simple harmonic vibration subject to boundary condition 
(4.7). 
-20- 
4.1  Normal Modes 
We look for solutions to (4.6) of the form 
(4.8)    y (x,t) = Y (X)COS(2TTV t-\b   ) . 
Substituting (4.8) in (4.6) we obtain 
(4.9) 
d2Y 4TT2V2 
n 
dx' IT 
Y
„  "  °   • 
The   solutions   of (4.9) are   given   by 
2TTV 
(4.10)        Y   (x)   =   A.    sin( - x   +   <f>   )    , 
where  A <$>        are integration constants, 
n n 
From the boundary conditions (4.7) we obtain, 
(4.11)   A sine})  = 0 , v
    
J
n    n 
2TTV £ 
(4.12)   A sin( — + <£ ) = 0 
Equations (4.11) and (4.12) give 
2TT£V 
(4.13)        $     =   0   ,      and     — 
' n 
n 
nu 
which  results   in 
(4.14)        v     =   nc/2£ 
' n 
21- 
Hence   from (4.8), (4.11) and (4.12) we obtain 
(4.15)   yn(x) = Ansm(-j-)cos(-^— - ^) . 
Note that from (4 .14) and (4.6c) the possible frequencies 
of vibration v   are given by 
n 
n (4.16)   vn = ^r /T/E    n=l,2, 
From (4.15) we see that  y = 0  for all  t , not only when 
x = 0  and  x = I     but also whenever  x = Z/n   .  The 
points where  y  remains zero for all  t  are called 
nodes.  For  n = 1  we obtain from (4.16) 
(4.17)   v1 = ]j  /T7T 
This is called the fundamental frequency of oscillation 
of the string.  It is obvious from (4.17)that the funda- 
mental frequency of a string with given linear density 
e  increases with decreasing length I     and  increases 
with increasing tension  T .  Consider the four strings 
of a violin. All of them have a common length I 
However, each of these strings, when vibrated with its 
full length (as an open string) has a distinct fundamen- 
tal frequency which is regulated by the different linear 
densities  e.  of the strings and the tensions  T. 
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applied to them. Theoretically, with any one of these 
strings we can produce fundamental frequencies ranging 
as 
o ' i 
(4.18)  3^-Jr-iv;<. 
by holding the string down on the fingerboard and hence, 
decreasing the length of the vibrating part of the string, 
However, since the fingerboard is actually shorter than 
the string, the frequencies  v   are also bounded from 
above. 
For the fundamental tone  (n=l) , equation (4.15) re- 
presents a displacement of the form given in figure 5a. 
The points x   =   0     and  x = £  are the only nodes of this 
vibration.  Now we consider the modes of vibration for 
n = 2,3,... .Case b) illustrates a node occuring in the 
middle of the string.  This node causes the string to 
sound with a frequency double the fundamental frequency. 
Case c) will have two nodes falling at thirds along the 
string.  These two nodes create a tone which is three 
times the frequency of the fundamental.  Case d) will 
produce a pitch of four times the fundamental frequency. 
These nodes can be artifically created by playing 
what are called harmonics of the string.  When the string 
23 
is touched very lightly at these particular lengths the 
corresponding pitch of a frequency multiple to the funda- 
mental is produced.  These tones are often created for 
certain effects yet are not used as a major production 
of sound but for aesthetic purposes.  Actually, the major 
elements of sound are the fundamental frequencies. 
In practice it is very difficult to create pure 
fundamental tones on the string of a musical instrument. 
The actual vibrations created, are in fact, linear com- 
binations of an infinite number of the harmonics.  How- 
ever, we approximate this rather complicated transient 
state of vibration with the pure fundamental tones which 
can be thought of as the steady state vibration of the 
string.  In other words, in most musical sounds the 
fundamental tone is present in sufficient intensity to 
dominate the whole. 
The waveform of the combination of the fundamental 
and the second, third, and fourth harmonics is shown in 
figure 6.  If an infinite number of components with ap- 
propriate amplitude and phase are used, the resultant 
will be a saw-tooth wave. 
The effect of the harmonic overtones is then to 
modify the quality or timbre of the note, independent of 
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frequency or pitch.  A note of the violin, piano or 
( . 
human voice may all have the same pitch yet differ, in- 
dependently of loudness.  Musical notes may be classified 
as variable in three ways: first, pitch; secondly, timbre 
which depends on the proportions in which the harmonic 
overtones combine with the fundamental; and thirdly, 
loudness . 
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5.  Musical Scales and Intervals 
We have seen that vibrating objects produce sound 
waves which reach our ears and produce auditory sensa- 
tions.  These auditory sensations may be classified as 
musical and unmusical; for convenience the former may be 
called notes  and the latter noise.  Usually it is easy 
to recognize the difference between the two.  But in some 
cases it may be difficult to draw the line of separation. 
Noises are sometimes not entirely unmusical, and notes 
are usually not quite free from noise.  We emphasize the 
difference between the two by saying that notes have a 
definite pitch - a quality which all can appreciate to 
some extent.  There is a certain smoothness and con- 
tinuity about a musical tone .  Moreover, by sounding a 
variety of notes together we obtain an approximation to 
a noise; while no combination of noise could ever blend 
into a musical note.  The same way the musical tone is 
related to the vibration of the object generating it, the 
pitch of the tone is related to the frequency of the 
source. 
The word note is used here to refer to the sound sen- 
sation.  However, this word primarily names the con- 
ventional sign which indicates the pitch, duration or 
both, of a sound sensation in music. 
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As we have discussed in the previous section, notes 
are generally made up of tones (the fundamental and its 
overtones).  The pitch of the note is determined by the 
frequency of its fundamental tone.  The effect of the 
harmonic overtones is then to nullify the quality or 
character of the note, independently of pitch. 
It is known that the lowest audible frequency is 
approximately  16 sec" (cps)  and the highest about 
25,000 sec" (cps) , with the average trained ear distin- 
guishing some 1400 descrete frequencies.  Not all of 
these frequencies are used in music.  A comparatively 
small number of notes - about 88 of them, with frequency 
differences between two consecutive notes being in the 
range of  2 cps  to  200 cps - form the "alphabet" of 
music.  These particular notes are called musical notes. 
One of these musical notes is the one known as middle C 
and depicted by  C^  on table 1.  (See CULVER)  We can 
see from the table that most musical instruments and the 
human voice are capable of producing the note  C^  which 
2 
has a frequency  v i     of about  264 cps. 
The frequency  vc^  is taken to be 264 cps according 
to a recommendation presented at the Stuttgard con- 
ference in 1S34.  Physicists and acoustical instrument 
makers take 256 cps or  2°  because of the numerical 
simplicity introduced by this number (all other  C's 
become powers of  2  in this case).  For a detailed 
discussion of the history of this choice see HELMHOLTZ 
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An important nondimensional number relating two 
notes is the ratio of the higher frequency over the lower, 
This number is called the musical interval between two 
notes.  The musical interval  2:1 , known as an Octave, 
is the one most pleasing to the ear.  That is to say, 
that if two notes having a frequency ratio  2:1 are 
played together they produce a pleasant sensation. 
Other musical intervals of the major scale are given 
by the series 
(5.1) 9/8 ,  5/4 ,  4/3 ,  3/2 ,  5/3 ,  15/8 
which have the names, major second, major third, perfect 
fourth, perfect fifth, major sixth, major seventh. 
The notes which have the musical intervals in (5.1) 
with Ck     are named Dk   ,   Ek    , Fk   , Gk   , Ak   , Bh     and 
they form together with  C   the register  4 .  The notes 
which have the musical intervals in (5.1) with  C1  are 
similarly named  D  , E  , F  , G~ , A1 , B1  and  they 
form with  C   the register  i .  The piano has a range 
consisting of 7 full registers (1 through 7) and the 
The word Octave denotes the interval, whereas, lower 
case octave will designate the set of notes lying be 
tween two notes having' a musical interval  2:1 
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additional notes  A° - B°  and  C  .  Table 2, given by 
COGAN and ESCOT depicts the range of the piano together 
with the frequencies of the notes.  For any given regis- 
ter, the notes  C, D, E, F, G, A, B, C  positioned accord' 
ing to the intervals of (5.1) form the  C  major scale . 
Table 3 (reproduced from COGAN) gives the major 
scale and the intervals (5.1) together with their "in- 
verses."  The process of inverting an interval is accom- 
plished by dividing the number 2 by the interval to be 
inverted.  So the inverse of the major second, which is 
the interval between  D  and  C , is (2: 9/8) = 2 x 8/9 
= 16/9  and gives the interval between  C    and  D . 
Since there are seven notes between  D  and  C   (includ 
ing the end notes) this interval is a seventh.  However, 
its numerical value is slightly less than the major 
seventh; hence it is called a minor seventh.  Similarly, 
the inverse of the major third is (2: 5/4) = 8/5  and 
gives the interval between  C   and  E .  Again we see 
In the C major scale the key-note or tonic is the 
note C . We could however construct a scale using 
as tonic any other note and the intervals (5.1), in 
which case we would have other major scales like D 
major or  E  major. 
A superscribed  +  sign indicates a note of the next 
register. 
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that this interval is a sixth, but its numerical value 
is slightly less than the major sixth, so it is called a 
minor sixth.  Similarly, the inverse of major sixth, 
6/5 , is called a minor third; the inverse of major 
seventh, 16/15, is called a minor second or semitone. 
We note that the inverse of perfect fourth is  2: 4/3 
= 3/2  or a perfect fifth.  We note that the intervals, 
C  to  D , F  to  G  and  A  to  B  (all being spans of 
two notes) are major seconds.  The intervals  E  to  F 
and  B  to  C   are minor seconds.  However, the inter- 
vals  D  to  E  and  G  to A  are  10/9 .  This interval 
is neither a major nor a minor second.  Similarly the in- 
terval  C  to  E , F  to  A , G  to  B  (all being spans 
of three notes) are major thirds; the intervals  E  to 
G , A  to  C  and  B  to  D   are minor thirds; however 
the interval  D  to  F  (a span of three notes again) is 
52/27 which is an interval slightly less than the minor 
third.  All the intervals with a span of four notes 
(C-F, D-G, E-A, G-C, B-E+)  are perfect fourths with the 
exception of  F-B  and  A-D ; the interval  F-B  is 
15/8: 4/3 = 45/52  and is called an augmented fourth ; 
This interval is almost equal to its inverse 
= *H which is called a diminished fifth. 
45 
2:45/32 
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the interval  A-D   is  9/4: 5/3 = 27/20 , which is very 
close to a fourth. 
All intervals with a span of five notes  (C-G, E-B, 
+      + + 
F-C, G-D  , A-E )  with the exception of  D-A  and  B-F 
are perfect fifths; the interval  D-A is  40/27  which 
is the inverse of the interval  A-D mentioned above; 
the interval  B-F   is  64/45  and is called a diminshed 
fifth. 
Now consider the intervals with a span of six notes. 
The intervals  C-A, D-B, G-E  are major sixths; the in- 
terval  F-D   is  27/16  which is slightly larger than 
the major sixth and is the inverse of the interval  D-F ; 
+     +     + 
the intervals  E-C , A-F , B-G   are minor sixths. 
Similarly considering the intervals with a span of 
seven notes we see that  C-B, F-E   are major sevenths; 
+     +    + 
the intervals  D-C , G-F , B-A   are minor sevenths and 
the intervals  E-D  and, A-G   are  9/5 , a special 
minor seventh equal to the inverse of the special major 
second.  Table 4 lists the intervals mentioned above to- 
gether with their numerical values.  This table is an 
extended version of a table given by OLSEN. 
51- 
Wc now assume that these notes are played on a 
string, with a given length t     and a linear density  e , 
such that when the open string is played it sounds the 
note  C  .  Table 5 gives the frequency ratios or inter- 
vals of tlie other notes with respect to  C  , the length 
of the part of the string which vibrates when a note is 
produced and the distance from the end of the point which 
must be held down.  In addition, the last line of the 
table gives the relative change in frequency between two 
consecutive notes.  These changes, of course, are associ- 
ated with three different seconds (major: 1+1/8 , minor: 
1+1/15  and the special second : 1+1/9) .  To a good de- 
gree of approximation we can say that the relative 
changes associated with the major second and the special 
second are equal  (1/8 « 1/9) .  We can therefore refer 
to either major second or special second as tone.  The 
relative change associated with the minor second is about 
half of the relative change associated with a tone.  We 
refer to it as semitone.  An inspection of table 5 shows 
that, within the above approximation, the eight notes 
are positioned on the scale as 
(5.2) D G - A - B 
where indicates a tone and  •  a semitone.  It is 
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then natural to introduce some additional notes in- 
between the ones given in (5.2) so that the distance be- 
tween any two consecutive notes is a semitone.  The in- 
troduction of these new notes can be done in various 
ways.  Here we illustrate a method which will produce 
these extra notes (sharps and flats) with values con- 
firming to those given by GATES.  An inspection of (5.2) 
will show that if we start with  E  and move a tone 
higher  (5/4   9/8 = 45/32)  we obtain a note which is 
higher than  F  and significantly lower than  G .  This 
note is  F#  (F sharp).  The derivation of all other 
sharps can be summarized as follows: 
(5.3) 
EH to F# 
F# to G# 
G# to A# 
A# to R# 
5/4 x 9/8 = 45/32 
45/52 x 10/9 = 25/16 
25/16 x 9/8 = 225/128 
225/128 x io/9 - 125/64 
Inspection of (5.2) shows that four tones higher than E 
brings us very close to C . Indeed, B# and C are 
almost equal. In order to obtain a note between C and 
D  we start with  B  and move a tone higher: 
(5.4) 
B   to  C#   15/8 x 10/9 x 1/2 = 25/24 
C#  to  D#   25/24 x 9/8 = 75/64 
D#  to EH        75/64 x 10/9 = 125/96 . 
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Similarly, we can start with  C   and move a tone 
lower.  This gives  2 * 9/10 = 9/5 .  This note is lower 
than  B  and higher than  A# .  It is called  B 
(B flat) .  The derivation of other flats can be sum- 
marized as follows: 
(5.5) 
C  to  Bb 2 x 9/10 - 9/5 
Bb  to  Ab 9/5 x 8/9 = 8/5 
Ab  to  Gb 8/5 x 9/10 = 36/25 
Gb  to  Fb 36/25 x 8/9 = 32/25 
An inspection of (5.2) indicates that we should continue 
the derivation of the other flats by starting with  F 
and moving a tone lower.  This is done in the following 
way : 
F  to  Eb    4/3   9/10 = 6/5 
(5.6)       Eb  to  Db   6/5   8/9 = 16/15 
Db  to  Cb   16/15 x 9/10 x 2/1 = 48/25 . 
The first two columns of table 7 summarize the 
above results by giving the twenty-one notes introduced 
above together with their musical intervals with respect 
to  C . 
The above discussion is based on the approximation 
of a single tone (major tone  9/8 * minor tone 10/9). 
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A more exact musical scale would consider the fact that 
there are actually two different tones and one semitone, 
i.e. 
(5.7)     C = D-E-F = G-A=B-C + 
where  = , - , •  depict the major tone, minor tone and 
semitone respectively. 
The necessity of introducing the sharps and flats 
appears as soon as we use the scale (5.7) from a key note 
other than  C .  Table 6, (see OLSON), gives the pattern 
of the major scales with various key notes.  It is to be 
noted that if we use (5.7) we cannot restrict ourselves 
to the 21 notes introduced earlier but must introduce a 
greater number of notes.  For a detailed description of 
these difficulties see HELMHOLTZ App. XX.  In table 6, 
each of the different pitches is approximated by one of 
the 21 notes introduced earlier. 
Another musical scale can be obtained by dividing 
the octave in 12 equal intervals   (equally tempered 
scale).  This can be justified by noting that even in the 
scale of just intonation several notes are extremely 
close together separating the register in twelve almost 
equal pieces. 
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In the scale of equal temperament the semitone is 
12, VT * 1.059  (100 cents ).  Table 7 compares the scales 
of just intonation and equal temperament of giving the 
musical intervals with respect to  C  and the musical 
intervals between two consecutive notes.  We note that 
in the scale of just intonation the  21 notes are ap- 
proximated by the 12 notes  C , C# , D , D# , E , F , 
F# , G , G# , A , A# , B .  This approximation is not 
unique and determines the type of temperament of the 
just scale.  Therefore, temperament is the process of re- 
ducing the number of tones per octave by altering the 
frequency of the tones from the exact frequencies of just 
intonation. 
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6.  Die Propagation of Sound in the air surrounding the 
instrument 
We have seen that sound is created by the vibration 
of a string and is amplified by the instrument's sounding 
board, which, also undergoes vibrations.  As the sound- 
ing board, vibrates it pushes the air particles sur- 
rounding it, setting them in motion.  The motion of the 
air particles causes a change in the air pressure.  The 
alteration in pressure, and the particle displacements 
associated with it propagate in the air and result in a 
sound; a sensation which is felt by the ears of a 
listener. 
At first we consider the air surrounding the in- 
strument, infinite in extent.  The study of the propaga- 
tion of sound is simplified by assuming either that the 
source of disturbance is concentrated at a single point 
in the medium or by assuming that the disturbance is 
created in a plane infinite in extent in both directions. 
In the first case, the disturbances propagate in the form 
of concentric spheres with their radii increasing with 
time and all centered at the source (spherical waves). 
In the latter case, the disturbance propagates in the 
form of planes parallel to the source plane (plane 
waves). 
57 
6 .1  The liquation of Continuity 
We consider a mass balance over a stationary volume 
in figure 7 through which the fluid (air) is flowing in 
lines parallel to the  x  axis.  Mass flows in through 
This will 
be our simplified model from which we will derive the 
equation of continuity and the equation of motion.  The 
mass balance of the cylinder in figure 7 can be expressed 
as follows: 
the face  S , and out through the face  S 
(6.1) 
r  xi         I [Rate   of te   of Mass I J„          Tr, 
,    . •        / =     < Mass   In 
cumulation f I    .      0 J Lat   si- 
Rate of 
Mass Out 
at  S 
2 J 
In our model, the rate of mass accumulation is defined by 
Rate of Accumulation = New Mass-Old Mass Time 
(6.2) 
= Volume x 
Rate 
of change 
of density. 
and the rate of mass passing through a surface 
given by 
(6.3) / Rate of Mass    \ 
^Passing through Sj 
pAAx 
At = pAv 
is 
where  p  is the density of the fluid,  A  is the area of 
S , and  v  is the velocity of the fluid at the surface 
S . 
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Hence we can rewrite (6.1) in the form 
(6.4) AA; x ||. = A(pv)  - A(pv) + 
where  AAx  is the volume of the cylinder 
sides by AAx , we obtain 
(6.5) 3£ = St 
(pv)x-(pv)x+A: 
AX 
Dividing both 
In the limit of  Ax+0 , 
(6.6) i£ = 
at 9x r(pv) 
or 
t5-7^     If + I^CPV) = 0 
Equation (6.7) is the Continuity Equation in one-dimen- 
sional flow of a compressible fluid. 
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6.2  The Momentum Balance Equation 
Consider a material point  b  in the fluid and an 
elementary volume  AV  about this point.  If  m  is the 
mass of the fluid contained in  AV , and  v  is the velo- 
city of the point  b, then the momentum of the fluid con- 
tained in  AV  is given by 
(6.7) momentum = my . 
Newton's second law (principle of balance of momentum) 
states that 
(6.8) jfCmy) = E 
where  F  is the sum of all forces acting on the fluid 
contained in  AV . 
We again consider the simple one-dimensional flow of 
Section 6.1.  Applying the above considerations to the 
fluid contained in the stationary cylinder of figure 7, 
we can write: 
Rate of     [    j^Rate of "1    ["Rate of 
Momentum    / = < Momentum >   - < Momentum 
,, Q.      ^AccumulationJ    I In at S J    I Out at S, 
fSum of Forces 
Acting on 
the System 
Here the rate of momentum passing through the surface  S 
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is given by 
(6.10) fRate of Momentum! passing through SJ 
pAAxv 
At = pAv 
The only forces acting on the fluid in our model are the 
pressure forces (we neglect gravitational forces and vis- 
cosity ).  In addition, all quantities in our one dimen- 
sional model will be functions of  x  and  t  alone.  Be- 
cause of tliis, the pressure forces on the lateral surface 
of the cylinder cancel out.  Hence the only forces enter- 
ing our momentum balance equation are  A p(x,t)  at the 
surface  S1  and A p(x+Ax,t)  at the surface  S  .  We 
can now write: 
* 
(6.11)    ^(AAxpv) . ACPV2) -A(pv2)x+Ax+A(p)x-A(p)x + Ax 
where  AAxp  is the mass and  AAxpv is the momentum of 
the fluid contained in the cylinder. Dividing both sides 
by  AAx , we obtain 
(pvv) - (pvv)  A p -p  . 
(6.12)    iY(pv) = Ax Ax 
In the limit as  Ax+0 , 
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(6.13) 
3t (pv) = 
3 (pvv)   3p 
3x   " 3x 
3p 
3t v + p V 
9(pv) 
3x (pv) 
3v 
3x 
or 
3v 
3t 
or 
3p   A   3 (pv) A   3v A ,     .3v 
—t- V + V —^r—*-   + 0   +  Inv]  = 3t 3x    p 3t   LP J3x 
12. 
3x 
3x 
Using the continuity equation (6.7) we obtain, 
(6.14) 3v _,_    3v p
 3t + pV 93T 3x 
Equation (6.14) is the Momentum Balance Equation for the 
one-dimensional flow considered in these sections. 
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6.3  Plane Sound Waves and Sound Speed 
The equations (6.7) and (6.14) we derived in the pre 
vious sections are two differential equations for the 
three unknowns  v(x,t) , p(x,t) , p(x,t) .  Obviously, 
we need one mor,e relationship.  This is the equation of 
state of the fluid  p = p(p,T)  where  T  is the tempera- 
ture 
v 
From (6.14) we obtain, 
(6.15) 8v A   dv 1   dp   8p 3t     9x     p   dp   3x 8x 
where tlie elasticity of volume  K, is given by 
(6.16) K =  p 
% 
The equilibrium state (no sound) is taken as 
(6.17)    v = 0 ,  p=po,  p=po, 
K = K 
o    Mo dp 
equilibrium 
where  p   is the equilibrium pressure,  p   is the r
 o o 
equilibrium density and <       is the elasticity of volume 
coefficient in the equilibrium state. 
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We consider a small perturbation of the equilibrium 
state given by 
(6.18)    v = ev ,  p = pQ + ep ,  p = pQ + EP , 
K = K  + eic 
o 
where  e  is a small parameter.  By substituting (6.18) 
into (6.15) we obtain 
(6.19)    e   ^  + eve — 
(P0+ep) 
2(Ko+£K)E d^ 
Taking  e  small, the terms of 
significant leaving 
r c     mi     °v        °    ° P 
e   will be ruled in- 
If we make this same substitution into the equation of 
continuity (6.7), we obtain: 
(6.21) li  + 1 r "    C ^ ^ -\      /i C
 3t  ^£poV+C pV^ = ° 
Assuming terms of  e2  insignificant and dividing both 
sides by  c> a simple expression 
<6-22>        f^+Po^=° 
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is derived.  Differentiating both sides of (6.20) with 
respect to  t  we obtain 
(6.23) 
at2 
K       ~2~ 
o d p 
2 dxdt    * 
and differentiating both sides of (6.22) with respect to 
x we obtain 
(6.24) 4"- dtdx 
'° 3x2 
0 
By combining (6.23) and (6.24) we obtain 
(6.25) 3
2
v = ^o d2v 
d t       O dX 
We can define  c  by 
(6.26)    c2 = — 
po 
and rewrite (6.2 5) as 
C6.27) 3
2V   _2 92v 
= 0 
9t 3x' 
This equation is the wave equation and its general solu- 
tion can be written as: 
(6.2S)    v(x,t) = F(x+ct) + G(x-ct) . 
The solution (6.28) represents waves traveling with speed 
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c .  This indicates that  c  is the speed of sound waves 
IVe may write using (6.16) 
(6.29)     sound speed c = dp 
equi1ibri urn 
The state equation for gasses may be written as 
(6.30)     2- = (£-) Y 
where y     is a coefficient with the value 1.40 for air 
at normal conditions.  Taking derivatives we obtain: 
(6.51) dp_ 
dp Y 
equilibrium 
and by substituting (6.31) into (6.29) we obtain 
frp. 
(6.32) 
It can be easily shown that the pressure satisfies the 
same wave equation as  v , i.e. 
(6.33) 1_J2. = r2 i-£ 
at' dx 2   ' 
In addition we can state that in the case of spherical 
waves, the pressure must satisfy the wave equation in 
spherical coordinates, i.e. 
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(6.34) 
3t2   r2 8r^r  3^ 
The general solution of (6.34) is 
(6.35) p = i[F(r-ct)+G(r+ct)J 
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6.4  Interaction of Sound Waves 
In reality, waves do not travel for an infinite dis- 
tance but instead come in contact with walls, obstacles 
and other waves, leading to some interesting phenomena. 
Certain properties should be considered for a better un- 
derstanding of chapter seven. 
1. Reflection. If a sound wave in air generated by a 
source Q readies a boundary surface S , it will 
be reflected backward. The reflected wave is the 
same as that which would be produced by the image 
Q' of Q . See figure 8. An echo is a sound re- 
flected with sufficient magnitude and delay, so as 
to be perceived as a sound wave distinct from that 
directly transmitted. 
2. Diffraction.  Diffraction is the change in direc- 
tion of propagation of sound due to the bending of 
waves around an obstacle. 
3. Interference.  Interference occurs when waves from 
two sources exist simultaneously in the same med- 
ium.  The displacement of a point in the air cannot 
have two values at the same time, but the resulting 
displacement will be the sum of the displacements 
of the individual waves.  Waves may constructively 
reinforce each other or destructively cancel each 
other out. 
-48- 
7 .  Room Acoustics 
We will examine how the transmission of sound from 
a source to a listener is affected by the environment. 
When a source of sound is out in the open, sound waves 
are unobstructed and the intensity of sound will decay as 
the distance from the source increases. 
But let us look at the conditions existing in an 
auditorium where we want listening to be most satisfac- 
tory.  Assume a room with perfectly reflecting walls. 
At some point in the room a sound impulse is created. 
The energy does not build up instantly.  Waves travel 
from the source in all directions.  The first wave to 
reach the listener is the direct wave.  From then after, 
the waves reflected once will reach the listener.  Later, 
waves from second, third reflections and so on will tra- 
vel to the listener.  After a while, there are a great 
number of reflected waves reaching him simultaneously. 
Eventually the sound will dissipate due to the absorp- 
tion at the walls and particle interference.  The am- 
plitude of sound released is greater than the direct 
sound reaching the listener  due  to particle inter- 
ference.  The direct sound is greater than the reflected 
sound because of the shorter distance of travel and be- 
cause of absorption by the walls which will always occur. 
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The reflected sound reduces in energy at each reflection 
and is finally dissipated.  Figure 9 shows the sound im- 
pulse generated by the source, the direct sound  D , and 
the subsequent reflection sounds  R  , R  , ... etc.  As 
it can be seen from the figure, the sound decays with 
time.  The length of time required for the sound to die 
out will depend upon the size of the room and absorbing 
effectiveness of the interior surfaces.  The interval 
of decay (time required for the original source to decay 
to  10    of its original value) is called the reverbera 
tion time.  Reverberation time can be considered propor- 
tional to the room volume  V  and inversely proportional 
to its total absorption A'.  This is expressed by 
(7.1) T = K V 
where  K  is the proportionality constant  ~ .05 . 
The total absorption  A' is given by a series of terms 
(7.2) A'= alSl + ags2 + a3s3 +. 
where  a  , a2 , a_ ... represent absorption coefficients 
of the corresponding areas  s  , s  , s    Knowing 
the nature of the surface material of the walls, ceiling, 
floor, etc. of a room interior, we can compute its rever- 
beration time, by the use of (7.1) and (7.2).  If such a 
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computation shows the time constant to be greatly dif- 
fering from the optimal value as determined by acous- 
ticians, one can determine what alterations must be made 
to provide for a better quality of sound production. 
The presence of reverberation alters the quality of 
both speech and music.  The result is, that as soon as it 
is created, each note of music is mixed with the pre- 
vious notes still present in the reverberant sound.  If 
the reverberation time,  R  , is too long the music be- 
comes muddy and unpleasant.  If the reverberation time 
is too short the hall would be termed dead, making it 
impossible for the musician to obtain a satisfactory 
sound intensity.  From the standpoint of clarity the 
R   time should be short but the sound intensity is also 
v 
an important factor in determining optimum time.  Sound 
intensity,  I  , is given by 
m 
(7.1) I  = P/A' 
m 
where  P  is the sound power produced by the instrument 
and  A'  is the total, absorption.  The materials of the 
walls, floor, ceiling, use of draperies, rugs, tiles, 
upholstery, glass, paneling, audience etc. all affect the 
absorption of a chamber and through their alteration can 
greatly affect the absorption of a range  of different 
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frequencies, thus affecting the  R  .  It follows that 
the shorter the  R   in an auditorium, the greater the 
absorption, and the lower the sound intensity from the 
source.  Therefore, optimum  R   is a compromise between 
clarity and satisfactory sound intensity.  Plots of 
optimum  R   times against various room volumes for 
specific types of music are available in several acous- 
tics books.  These compilations as charted by BACKUS are 
debatable by acousticians, but for our purposes, we can 
assume that the best  R   for the average sized auditor- 
ium will be between 1.5 and 2 seconds. 
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TABLE 4 
Intervals appearing in the scale of Just Intonation 
in order of their magnitude 
Name Interval I 
1/1 = 1.000 
16/15 = 1.067 
10/9 = 1.111 
9/8 = 1.125 
32/27 = 1.185 
6/5 1. 200 
5/4 1. 250 
32/25 = 1 . 280 
4/3 = 1.333 
27/20 = 1.350 
45/32 = 1.406 
64/45 = 1.422 
40/27 = 1.481 
5/2 = 1.500 
8/5 = 1.600 
5/3 = 1.666 
27/16 = 1.688 
16/9 = 1.778 
9/5 = 1.800 
15/8 = 1.875 
2/1 = 2.000 
Interval in cents 
(=120Qxlog2l) 
Unison 
Minor Second 
Special Maj or 
Second 
Major Second 
Special Minor 
Third 
Minor Third 
Major Third 
Special Major 
Third 
Perfect fourth 
Special Perfect 
Fourth 
Augmented Fourth 
Diminshed Fifth 
Special Perfect 
Fifth 
Perfect Fifth 
Minor Sixth 
Major Sixth 
Speical Major 
Sixth 
Minor Seventh 
Special Minor 
Seventh 
Major Seventh 
Perfect Octave 
0 
111.73 
182.40 
203.91 
294.14 
315.64 
386.31 
427.37 
498.05 
519.55 
590.22 
609.77 
680.45 
701.96 
813.69 
884.36 
905.87 
996.09 
1017.60 
1088. 27 
1200.00 
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TABLE 6 
THE TONES AND THE INTERVALS IN THE MAJOR SCALE 
OF JUST INTONATION FOR VARIOUS KEYNOTES 
KEY TONES 
c C = D-E-F = G-A = B-C 
D C# • D = E  - F# • G = A - B - C# 
E C# - D# • E = F# - G# • A = B - C# 
F# C# - D# = E# • F# = G# - A# • B = U 
G C=D-E=F#-G=A-B-C 
A Ctf    '   D = E - F# = G# • A = B - C# 
B C# - D# • E = F# - G# - A# • B = C# 
C# Ctt   = D# - E# • F# = G# - A# = B# • C# 
F C-D-E-F = G-A-Bb = C" 
Bb C-D-Eb = F-G-A-Bb-C 
Eb C = D • Eb = F - G • Ab = Bb - C 
Ab C • Db = Eb - F = G • Ab = Bb - C 
Db C • Db = Eb - F • Gb = Ab - Bb = C 
Gb Cb - Db - E  = F • Gb = Ab - Bb • Cb 
cb Cb = Db - Eb • Fb = Gb - Ab = Bb • Cb 
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Ampli- 
tude 
of 
/ \ /*2 Reso- 
nator^ 
/  \ * 
Re- 
sponse 
/        \ h 
 —'—                             ***  ^-^ 
1                   ^  
V 
Figure 1.  Amplitude of motion against frequency v , for 
two different damping coefficients  R-.  and 
RP(R1>R2) 
wnen  v  is 
The amplitude is small except 
near  v   (Resonance condition) 
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Figure 2.  A system of two coupled oscillators, each af- 
fecting the other.  One of the coupled oscil- 
and displacement from 
oscillator has 1 
lators has mass  m 
equilibrium  Xn , and the other 
mass  m„  and dis placement  x, K- is the 
coupling constant 
-61 
y- 
L 
3 + L 3 + L 3 
Figure 3.  An example of two coupled oscillators 
weights on a string. 
two 
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y + dy . 
x+dx 
Figure 4.  Forces on a section of flexible string of 
length  ds . 
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a) n=l 
x=0 x = l 
b) n=2 
c) n=3 
d) n=4 
x=0 x = l 
Figure 5.  The first four vibration modes of a string of 
length t     fastened at both ends. 
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FUNDAMENTAL - FIRST PARTIAL 
OCTAVE - SECOND PARTIAL 
OCTAYE+FIFTH - THIRD PARTIAL 
TWO OCTAVES - FOURTH PARTIAL 
n        w      . ,    .      IT x   _,      ,.      2TTX,      „    .      3TTX,      ..    .      4 IT x Resultant   =   lsin  -p-   +   .Ism  -j—  +   . 2sm  —p—  +   .Ism   —Tr- 
over 
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Continued from previous page 
Figure 6. The waveform of the combination of a funda- 
mental and its second, third and fourth har- 
monics which have amplitudes small compared 
to the one of the fundamental. 
y 
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/ 
Q' 
wall 
Figure 8. Incident waves spreading out from a source 
Q .  After reflection from the wall they 
move back as if they were generated at a 
source Q' (Q   is the image of  Q •) 
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Glossary 
Absorption.  The weakening of sound waves through incom- 
plete reflection. 
Acoustics.  The science of auditory vibrations. 
Complex Tone.  A complex tone is a sound sensation 
characterized by more than one pitch. 
Diffraction.  The spreading of sound waves which have 
gone through an opening in an obstacle, or 
their spreading around the corners of an obs- 
tacle . 
Equally Tempered Scale.  The scale based upon the semi- 
tone interval =   /2  thereby altering the fre- 
quencies of just intonation. 
Frequency.  The number of recurrent waves or cycles which 
pass a certain point per second is termed the 
frequency of the sound wave. 
Fundamental Frequency.  The fundamental frequency is the 
frequency component of the lowest frequency in 
a complex sound. 
Harmonic.  A harmonic is a component of a complex tone 
whose frequency is an integral multiple of the 
fundamental frequency. 
Inharmonic.  Tones whose waveforms do not repeat each 
cycle, therefore the partials need not have fre- 
quencies that are integral multiples of the 
fundamental frequency. 
Interference. The interaction of two waves from two 
sources existing simultaneously in the same 
medium. 
Just Intonation Scale.  A scale which is constructed 
from its keynote, employing the true frequency 
ratios of musical intervals in determining the 
other notes in its scale. 
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Glossary Continued 
Loudness.  A subjective sensory characteristic determined 
almost solely by amplitude. 
Major Tone.  Also known as the major second, having 
musical interval ratio   5- 
Minor Tone.  An interval slightly smaller than the major 
second with musical interval ratio  i_ . 
9 
Musical Interval.  The interval is the ratio between the 
frequencies of two sounds. 
Nodes.  The points of rest along a vibrating string. 
Noise.  Any undesi'red sound.  A mixture of a very large 
number of frequencies. 
Note.  A note is a conventional sign used to indicate 
—    the pitch or duration or both of a tone sen- 
sation. 
Overtone.  A component of a complex tone having a pitch 
higher than the fundamental. 
Partial.  A partial is a component of sound sensation 
which may be distinguished as a simple sound 
that cannot be further analyzed by the ear and 
which contributes to the character of a complex 
tone . 
Pitch.  Pitch is that attribute of auditory sensation . 
whereby sounds may be ordered on a scale ex- 
tenting from low to high - depending solely 
upon the frequency of the sound. 
Reflection.  The bouncing back of sound waves when they 
strike a surface. 
Register.  A segment of the total identifiable pitches 
as determined by equal temperament which is 
contained within the musical interval of an 
octave. 
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Glossary Continued 
Resonance.  The increase or reinforcement which a sound 
can acquire through the cooperation of other 
vibrating bodies whose own vibrations will add 
something more to the sum-total of sound re- 
sulting from the original source alone. 
Reverberation. A series of reflections which merge with 
the original sound and with each other, causing 
a "roll" of sound to be heard. 
Reverberation Time.  The length of time that a sound 
continues to be heard in a room, through re- 
flections, after its source has stopped sound- 
ing. 
Semitone.  The smallest recognizable musical interval 
found in Western music with frequency ratio 
15 
Sound. A sensation, produced by vibration, perceived by 
the ear. 
Timbre.  The quality or character of a sound by which 
one is able to distinguish one from all other 
sounds of like pitch and loudness. 
Tone. A tone is a sound sensation having pitch. It is 
also a larger successive interval in the major 
scale. 
Vibration.  This is any form of to-and-fro movement. 
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Music and Sound. 
B.A., May, 1971, Beaver College. 
Major:  Mathematics 
Special Courses:  Entered in Graduate Program 
M.A. in Music Theory and Harmony at Bryn 
Mawr College. 
Experience: 1980-81.  Teaching Assistant, Center for the 
Application Mathematics, Lehigh University. 
1979-S0.  Research Assistant, Department of 
Economics, Lehigh University.  Assisted in 
Econometric computations and computer pro- 
gramming . 
1971-74.  Teacher of Mathematics grades 9-12. 
Algebra I, II, Geometry, Basic Skills, Pre- 
Calculus and Calculus. 
Radnor School District and Lower Merion S.D. 
1971-Present.  Professional Musician.  Cel- 
list in the Allentown Symphony and various 
chamber organizations.  Vocal soloist and 
pianist for various groups in Lehigh Valley. 
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Academic Honors: 1968-1970.  Recipient of Abington Music 
Theatre Music Scholarship. 
1968.  Drexel Institute of Technology 
Chamber Groups Award. 
1968.  Old York Road Symphony Society 
Achievement Award 
1968.  Upper Moreland Fine Arts Award. 
1970-71.  Theodore Presser Music Founda- 
tion Award. 
1970. Recipient of National Science 
Foundation Scholarship for Summer Study 
in Chemistry. 
1971. National Math Honorary Beaver 
College. 
1971.  Graduated Cum Laude Beaver Col- 
lege. 
75- 
